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In t roduct ion to  h igh-order  DG method

A d v a n t a g e s :  
• C o m p a c t n e s s

• S u p e r c o n v e r g e n c e

• E n e r g y  s t a b i l i t y

• A d a p t i v i t y

• R e a l - w o r l d  g e o m e t r y

• D a t a  l o c a l i t y  f o r  H P C

D i s c o n t i n u o u s  s c h e m e s :
• d i s c o n t i n u o u s  G a l e r k i n ( R e e d  &  H i l l ,  1 9 7 3 )

• f l u x  r e c o n s t r u c t i o n  ( H u y n h ,  2 0 0 7 )

• d i s c o n t i n u o u s  s p e c t r a l  e l e m e n t  ( K o p r i v a ,  2 0 0 2 )

• s p e c t r a l  d i f f e r e n c e  ( Z J  W a n g ,  2 0 0 6 )  

…



Robustness issue of  h igh-order  DG scheme

I l l u s t r a t i o n  o f  t h e  r o b u s t n e s s  i s s u e  i n  D G :

DGP3
DGP7

DGP1
Reference

DGP4 solution of Mach 0.38 inviscid flow over cylinder Figure credits: first high-order workshop, 2012.
Bull & Jameson, AIAA J., 2015.



Need of  a  robust  and h igh-order  scheme

“Longer term, high-risk research 
should focus on the development of 
truly enabling technologies such as 
monotone or entropy stable schemes 
in combination with innovative 
solvers…”

“Toward the 2030 time frame, it is 
anticipated that novel entropy stable 
formulations will begin to bear fruit 
for industrial simulations”



Entropy-bounded DG scheme

• Governing equations: 

• Entropy function: 
quasi-concave function of 

• Physical principles: 
1. concave function of 
2. convex/concave function of 
3. is the minimum entropy on a domain Ω over a finite time internal 0,Δ𝑡𝑡

(the 2nd law of thermodynamics)
4.



Entropy-bounded DG scheme

Key idea: 
• Impose the inequality physical principles on discrete solutions to 

ensure “physical realizability”

𝜌𝜌 𝑈𝑈𝑞𝑞ℎ ≥ 0
𝑝𝑝 𝑈𝑈𝑞𝑞ℎ ≥ 0
𝑠𝑠 𝑈𝑈𝑞𝑞ℎ ≥ 𝑠𝑠0

Key algorithmic ingredients:
1. Limiter to enforce 𝑠𝑠 𝑈𝑈𝑞𝑞ℎ ≥ 𝑠𝑠0
2. Sufficient condition to guarantee 𝑠𝑠 �𝑈𝑈𝑒𝑒ℎ ≥ 𝑠𝑠0

𝑠𝑠 𝑈𝑈𝑞𝑞ℎ

𝑈𝑈𝑞𝑞ℎ
𝑈𝑈𝑞𝑞ℎ

𝑠𝑠 𝑈𝑈𝑞𝑞ℎ𝑠𝑠0

Zhang & Shu, J. Comput. Phys., 2009, 2010
Lv & Ihme, J. Comput. Phys., 2015



Entropy-bounded DG scheme

Limiter: 
• Linear-scaling of elementwise local solutions
• Exploit Jensen’s inequality based on convexity/concavity 

Define L𝑈𝑈𝑒𝑒 = 𝑈𝑈𝑒𝑒 + 𝜖𝜖 �𝑈𝑈𝑒𝑒 − 𝑈𝑈𝑒𝑒 and given 𝑠𝑠 �𝑈𝑈𝑒𝑒 ≥ 𝑠𝑠0,
find the smallest 𝜖𝜖, such that ∀𝑥𝑥𝑞𝑞 ,

1. 𝜌𝜌 L𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 > 0

2. 𝑠𝑠 L𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 ≥ 𝑠𝑠0
Apply Jensen’s inequalities to expand (1) and (2): 

1. 1 − 𝜖𝜖 𝜌𝜌 𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 + 𝜖𝜖𝜖𝜖 �𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 > 0

2. 𝑝𝑝 L𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 ≥ exp 𝑠𝑠0 𝜌𝜌𝛾𝛾 L𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞

1 − 𝜖𝜖 𝑝𝑝 𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 + 𝜖𝜖𝜖𝜖 �𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 ≥ exp 𝑠𝑠0 1 − 𝜖𝜖 𝜌𝜌𝛾𝛾 𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞 + 𝜖𝜖𝜌𝜌𝛾𝛾 �𝑈𝑈𝑒𝑒 𝑥𝑥𝑞𝑞

Note: 𝑠𝑠0 → −∞, this becomes PP limiter



Entropy-bounded DG scheme

Key idea: 
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ensure “physical realizability”

𝜌𝜌 𝑈𝑈𝑞𝑞ℎ ≥ 0
𝑝𝑝 𝑈𝑈𝑞𝑞ℎ ≥ 0
𝑠𝑠 𝑈𝑈𝑞𝑞ℎ ≥ 𝑠𝑠0
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1. Limiter to enforce 𝑠𝑠 𝑈𝑈𝑞𝑞ℎ ≥ 𝑠𝑠0
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𝑠𝑠 𝑈𝑈𝑞𝑞ℎ

𝑈𝑈𝑞𝑞ℎ
𝑈𝑈𝑞𝑞ℎ

𝑠𝑠 𝑈𝑈𝑞𝑞ℎ𝑠𝑠0

Zhang & Shu, J. Comput. Phys., 2009, 2010
Lv & Ihme, J. Comput. Phys., 2015



Entropy-bounded DG scheme

This is a solution of Lax Scheme
(P. D. Lax. Contributions to Nonlinear Functional Analysis, pages
579 603–634. Academic Press, New York, London, 1971.)

𝒆𝒆 𝒆𝒆 + 𝟏𝟏𝒆𝒆 − 𝟏𝟏

T h e  c e l l - a v e r a g e  o f  D G  s o l u t i o n  a f t e r  o n e  t i m e - s t e p

𝛽𝛽𝑙𝑙Δ𝑡𝑡
ℎ

𝛽𝛽𝑟𝑟Δ𝑡𝑡
ℎ

new CFL 
numbers



Entropy-bounded DG scheme

Three-point FVM system:  
• The temporally-updated first-order solution written as

Lemma: 

1. if                             is an entropy-stable flux (e.g., LF flux)
2. CFL condition

Proof: 
• 1D version: E. Tadmor, Appl. Numer. Math., 1986
• 3D version: Y. Lv & M. Ihme, J. Comput. Phys., 2015 𝒆𝒆 𝒆𝒆 + 𝟏𝟏𝒆𝒆 − 𝟏𝟏

_



Entropy-bounded DG scheme

Note: Quadrature rule (QR) applied: Line, Quadrilateral 
and Brick: tensor-product Gauss-Legendre; Triangle: 
Dunavant; Tetrahedron: Zhang, et al.

• CFL obtained for different element shapes

• CFL number can be found for high-order curved elements, which will 
be element-specific.

Lv & Ihme, J. Comput. Phys., 2015



Entropy-bounded DG scheme

𝑠𝑠 �𝑈𝑈𝑒𝑒 ≥ 𝑠𝑠0 𝑠𝑠 𝑈𝑈𝑞𝑞 ≥ 𝑠𝑠0

limiting,
if necessary

 CFL condition 
 Entropy-stable 

Riemann flux

sufficient 
condition

sufficient 
condition

time 
integration

CFD 
loop



Entropy-bounded DG scheme

F i n d i n g  1 :
E B D G  p r e v e n t s  n o n - p h y s i c a l  s o l u t i o n s  d u r i n g  t r a n s i e n t  s t a g e s



Entropy-bounded DG scheme

F i n d i n g  2 :
E B D G  p r e s e r v e s  t h e  o p t i m a l  c o n v e r g e n c e  f o r  s m o o t h  s o l u t i o n s



Entropy-bounded DG scheme

F i n d i n g  3 :
E B D G  e n s u r e s  n o n l i n e a r  s t a b i l i t y  f o r  a r b i t r a r y  f l o w  c o n d i t i o n s  
a n d / o r  m e s h  c o n f i g u r a t i o n s  

Solution

Trouble-cell
marker
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