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The objective of this study is to evaluate the effects of numerical and model se-15

tups on the large-eddy simulation (LES) predictive capability for the internal flow16

of a propulsion-relevant configuration. The specific focus is placed on assessing the17

LES technique with lower mesh resolutions, which is of technological relevance to18

practical industrial design. A set of Riemann flux formulations and commonly used19

subgrid-scale models are considered in this work to produce a hierarchy of LES se-20

tups with different dissipation effects (both numerically and physically). The LES21

results obtained from different setups are compared qualitatively in terms of the key22

flow characteristics, and evaluated quantitatively against the experimental measure-23

ments. The error landscape is generated to reveal the predictive qualities of different24

LES setups. The study shows that the choice of numerical flux formulation plays a25

prominent role in governing the general flow patterns, while the effect of subgrid-scale26

model is mainly manifested in transient flow characteristics, such as vortex break-27

down and swirl-induced vortical structures. Based on the error analysis, it is found28

that lower dissipative LES setup is not always beneficial to the LES accuracy. This29

is in contrast to the commonly accepted understanding in literature for LES, which30

was established solely with canonical flow configurations.31
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I. INTRODUCTION32

Analysis and design of aero-propulsion systems often require high-fidelity computational33

fluid-dynamic techniques to resolve unsteady flow features and capture flame dynamics. In34

particular, the large-eddy simulation (LES) method has gained the remarkable success over35

the past decade in the computational analysis of various combustion devices with industrial-36

level complexity1,2. The prevalent use of LES in design has greatly benefited the resolution37

of a number of combustion technological problems, such as the reduction of noise/pollutant38

emissions3–6, the characterization of ignition7,8 and blow-off limits9–11, and the identification39

of thermoacoustic behaviors12–14. In spite of those achievements, it should be clarified that40

LES remains rather time-consuming for the purpose of industrial design and requires con-41

siderable computational cost when applied to investigate the complex flow configurations of42

practical relevance. In order to meet the timeliness requirement, the design-oriented compu-43

tational analysis is often carried out on relatively coarser grids to reduce the computational44

cost. Simulations as such might not be as rigorous as those for academic studies (which45

require at least 80 % turbulent kinetic energy to be resolved15) but have great significance46

in a practical sense.47

The internal flows particularly in industry-type combustion devices feature a number of48

complex flow effects, such as shear layer, wall boundary layer, flow separation and swirling49

flow. These effects are commonly associated with large-scale coherent structures, of which50

the time-accurate description, based on the LES technique, becomes necessary. However, for51

LES to capture such complex turbulent flows on relatively coarse grids, its reliability becomes52

a remarkable concern. With lower numerical resolutions LES results often exhibit strong53

sensitivities to the choice of numerical schemes16,17 and subgrid-scale models18. The effort54

of pursuing high-order accuracy and non-dissipative schemes might not be preferable, when55

it comes to LES of complex flows in realistic geometries19. To ensure the robust solution56

procedure, it is almost unavoidable to introduce certain amounts of numerical dissipation to57

tackle the numerical instabilities which may be associated with distorted or highly stretched58

grids, local geometrical singularity or under-resolved flow scales. As such, the LES accuracy59

has to be compromised to some extent. The dissipative errors introduced by numerics may60

have multi-faceted influences on LES predictions. For instance, it can impact the mixing61

characteristics in turbulent shear layers17,20, alter the dynamics and evolution of large-scale62
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vortical structures, and weaken the flow separation. The assessment studies21,22 considering63

the Taylor-Green Vortex test case showed that even with the same mesh different numerical64

schemes might lead to very different predictions of enstrophy. To obtain better solutions, it65

generally requires the scheme to have well-controlled dissipative and dispersive properties.66

A concerted workshop effort23 also revealed the influence of numerical dissipation in LES of67

separated flows. It is found that results based on dissipative schemes tend to predict short68

recirculation zones behind a bluff body.69

Besides the numerics, the influence of subgrid-scale (SGS) model in LES should not be70

understated as well. It was found that the dynamic models, which typically have superior71

performance over the standard Smagorinsky model in channel or shear flows, provide much72

poorer predictions of flow separation due to the underestimation of near-wall stress24. Simi-73

lar deficiency associated with the dynamic model was also alluded in the workshop results23.74

Robustness issues of SGS model were recognized in modeling turbulent flows dominated75

with coherent or swirling vortex. With the consideration of the Taylor-Green Vortex case,76

Dairay et al.25 conducted an interesting assessment on LES and showed that Smagorinsky77

models of different versions result in poor statistical convergences of characteristic quanti-78

ties; moreover, applying subgrid-scale model does not effectively mask the numerical errors.79

The analysis by da Silva and Pereira26 showed that several commonly used SGS models80

cause excessive vorticity dissipation. In order to better preserve the large-scale coherent81

structures, vorticity preserving LES methodologies were developed to avoid introducing ex-82

cessive dissipation to the regions dominated by large-scale vortical motions. Recent efforts83

are recognized in this regard. For example, Chapeliar et al.27 developed an eddy-viscosity84

correction approach, in which the SGS terms are adaptively applied according to the local85

entropy value. Foti and Duraisamy28 proposed a vorticity-based formulation, in which the86

physically-consistent SGS behavior is mimicked numerically by a truncation term. Coherent-87

structure or vortex based SGS models29–34 were also developed previously in order to improve88

LES model accuracy and address the robustness issues.89

Given the aforementioned challenges to make use of the LES technique at lower resolution90

settings, it is thereby important to understand the behaviors of numerical and model errors91

and evaluate the results obtained from different LES setups. The objective of this study is92

to carry out error landscape analysis on coarse-grid LES, and analyze the impact of errors93

resulting from different numerical schemes and subgrid-scale models on LES predictions.94
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The main difference of our study from the previous assessments21,26,35 is that we consider95

the internal flows in a realistic combustor geometry rather than classical test cases in simple96

configurations. Therefore, the findings are expected to be more instructive to practical LES97

for industrial design. In particular, our analysis focus on the following questions related to98

coarse-grid LES:99

• how do the numerical and modeled dissipation effects influence the key flow charac-100

teristics?101

• how do the numerical and model errors interplay with each other?102

• of the errors from the SGS model and numerical scheme, which one is more relevant103

to the robustness?104

To better address the above questions, the remainder of this work is structured as follows.105

The mathematical formulation and numerical method are outlined firstly in Sec. II, followed106

by the flow configuration and computational setup introduced in Sec. III. The comprehensive107

evaluations of LES results, along with the error analysis, are carried out in Sec. IV. Therein,108

the influence of LES setups on the predictive quality is investigated in detail. The paper109

finishes with conclusions in Sec. V.110

II. MATHEMATICAL MODEL AND NUMERICAL METHOD111

A. Governing Equations112

In the context of large-eddy simulation, the notation of grid-dependent filter is introduced113

to separate the resolved and subfilter scales of turbulent flows. The LES-filtered quantity114

may be expressed as:115

φ =

󰁝
∞

−∞

G(x− x′)φ(x′)dx′ , (1)

where G represents a filter kernel dependent on the grid size. As a result, the LES-filtered

Navier-Stokes equations can be written as:

∂tρ+∇ · (ρ󰁨u) = 0, (2a)

∂t(ρ󰁨u) +∇ · (ρ󰁨u󰁨uT ) +∇p = ∇ ·
󰀃
τ − τ

SGS
󰀄
, (2b)

∂t(ρ 󰁨E) +∇ · (󰁨u(ρ 󰁨E + p)) = −∇ ·
󰀃
q + q

SGS
󰀄
+∇ · ((τ + τ

SGS) · 󰁨u). (2c)
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where ρ is density, u is velocity, p is pressure and E is total energy. The Reynolds- and

Favre-filtered quantities are denoted as (̄·) and 󰁩(·), respectively. The filtered viscous stress

tensor and heat flux take the forms of

τ = µ
󰀃
∇󰁨u+ (∇󰁨u)T

󰀄
−

2

3
µ(∇ · 󰁨u)I, (3a)

q = −κ∇󰁨T , (3b)

where µ and κ are the molecular viscosity and thermal conductivity. The terms, denoted by

the superscript “SGS”, represent the subgrid-scale quantities. The subgrid-scale stress and

energy flux can be treated via the eddy-viscosity closure model,

−τ
SGS = −(ρ󰁪uuT − ρ󰁨u󰁨uT ) ≈ µt

󰀃
∇󰁨u+ (∇󰁨u)T

󰀄
−

2

3
µt(∇ · 󰁨u)I , (4a)

−q
SGS = −(ρ󰁪uH − ρ󰁨u 󰁨H) ≈

µtcp
Prt

∇󰁨T , (4b)

in which T is temperature, cp is the heat capacity, µt is the eddy viscosity, and Prt is the116

turbulent Prandtl number. The system of Eq. (2) is closed with the equation of state,117

󰁨p ≈ (γ − 1)(ρ 󰁨E −
1

2
ρ|󰁨u|2) , (5)

in which γ is the adiabatic index and taken as 1.4 for air.118

B. Discretization Scheme119

In this work, the governing equations are discretized using a classical reconstruction-120

based finite-volume method36. The key idea is illustrated schematically in Figure 1. In each121

cell, we aim to reconstruct a solution polynomial of P using the piecewise solutions in the122

local cell and direct neighbors. For hexahedral cells which have six neighbors, a quadratic123

polynomial with a set of basis functions {1, x, y, z, x2, y2, z2} can be reconstructed;124

and for tetrahedral cells which have four neighbors, a linear polynomial P1 with the basis125

functions {1, x, y, z} is reconstructed through a least-square procedure. On each edge,126

the reconstructed polynomials of the left and right cells are interpolated onto the edge127

centroid to formulate the interfacial numerical flux. The reconstruction is performed based128

on the primitive variables, which is found to be more reliable35. It is also noteworthy that129

for a scalar conservation law, this scheme reverts to a fourth-order central differencing on130

Cartesian meshes.131
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FIG. 1. Demonstration of numerical discretization method (E0, E1 and E2 represent three adjacent

cells; P denotes the reconstructed polynomial in each cell; “l” and “r” indicate the left and right

edges of the corresponding cell).

With the implemented finite-volume scheme, the spatially discretized governing equations132

may be written as a set of cell-local ordinary differential equations with respect to time,133

dU

dt
= R , (6)

in which R is the residual assembled in each cell and U represents the solution vector. U is

then updated in time with a strong-stability preserving 3rd-order Runge-Kutta scheme:

U
(1) = U

n +∆tR (Un) , (7a)

U
(2) =

3

4
U

n +
1

4

󰀃
U

(1) +∆tR(U(1))
󰀄
, (7b)

U
n+1 =

1

3
U

n +
2

3

󰀃
U

(2) +∆tR(U(2))
󰀄
. (7c)

The above numerical method has been implemented in our SUPES (Scalable mUlti-134

Physics Entropy-Stable) solver, which is an in-house code developed for several years37–39.135

The solver is equipped with a number of flux formulations and subgrid-scale models, and136

has been validated in a number of canonical flow test cases. Moreover, the wall-modeling137

capability has been developed to account for the wall effects in LES. The wall modeling138

capability is based on the equilibrium wall model40 and the LES information of the first two139

off-wall cells41 are utilized to construct the wall shear stress. Moreover, an algebraic-based140

treatment38 was developed recently to simplify the implementation and reduce computa-141

tional costs. In the present study, the SUPES solver is used to assess the performance of142

coarse-grid LES with the various numerical and model setups.143
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III. FLOW CONFIGURATION AND COMPUTATIONAL SETUP144

A. Combustor Geometry and Mesh145

In this work, we consider the gas-turbine model combustor (GTMC), experimentally146

investigated by Meier et al.42,43, as the target geometry. Figure 2 provides the schematic of147

the combustor, which consists of a plenum, a swirler, an injector, a chamber and an exhaust148

chimney. The air stream (Stream 1) from the plenum divides into two branches, which,149

respectively, pass through the upper and lower sets of vanes inside the swirler. The two150

branches of air enter the combustor chamber through the injector nozzles, along with the151

fuel supply stream (Stream 2). The fuel is substituted by air in the cold-flow operating152

condition. The injector section consists of a central air nozzle, an annular fuel nozzle,153

and a co-annular air nozzle. The central nozzle has a diameter of 15 mm and the co-154

annular air nozzle has an inner diameter of 17 mm and a outer diameter of 25 mm. The155

chamber is in a rectangular shape with a dimension of 110 mm in height and 85 mm in156

width. The exhaust chimney is a tube with a diameter of 40 mm. The mass flow rates of157

Streams 1 and 2 are 19.74 g/s and 1.256 g/s44, respectively, calculated in terms of air at the158

room temperature and ambient pressure. Because of the non-trivial combustor geometry,159

both the values of Reynolds number and Mach number vary by location. The Reynolds160

numbers, at the plenum inlet, burner inner nozzle, burner annulus and combustor outlet,161

are estimated to be 108,000, 63,500, 65,000 and 50,000, respectively. The Mach numbers162

corresponding to the above locations in order are 0.26, 0.18, 0.1 and 0.05, respectively. The163

swirler has a complex geometry and its details may be observed in the generated mesh shown164

in Figure 3. The reason why we consider this flow configuration is that: i) it is of practical165

relevance to propulsion applications; and ii) previous LES studies on this specific geometry166

exhibit inconsistent solutions and considerable prediction errors (in particular for the cold-167

flow case)45. Therefore, this flow configuration is an ideal one to challenge the robustness of168

LES technique, so that we can identify the influencing factors, especially numerical scheme169

and SGS model, to the predictive quality of LES.170

Figure 3 illustrates the computational mesh employed in this study, which is divided into171

the chamber part (a) and the lower part (b) including the swirler and the plenum for clarity.172

The whole computational domain consists of 8 million hexahedral cells in total, which breaks173
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FIG. 2. Schematic of the GTMC combustor42,43

(a) (b)

FIG. 3. Schematic of the computational mesh for parts of (a) combustor chamber and exhaust

chimney and (b) plenum, swirler and injector.

down to 0.65 million for the plenum, 3.1 million for the swirler, 4.1 million for the joint of174

the injector and chamber, and 0.15 million for the rest. Substantial effort and time have175

been devoted to meshing the swirler. The meshing process begins with cutting the swirler176

into smaller components, such as the cylindrical and rectangular flow passages. These com-177

ponents can be easily meshed with hexahedral cells. Once the swirler mesh is completed,178
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the parts of the plenum and chamber are then meshed by extruding downward and upward,179

respectively. Previous studies46–48 showed that the outflow boundary condition may have180

considerable influence on the internal flow behaviors. To avoid the boundary effects, our181

actual outflow boundary is extended to the far field, and a characteristic boundary condi-182

tion is imposed there. The mesh resolution is purposely chosen so that the LES calculations183

are performed with affordable cost and importantly the numerical and model errors can be184

revealed in the LES results. Compared to the mesh used previously in the hybrid turbulence185

model study44, the mesh resolution considered here is proven sufficient to produce accurate186

predictions of mean-flow statistics. On the other hand, based on the findings from previous187

LES investigations45,49, the employed mesh is still relatively coarser so that LES predictions188

show appreciable sensitivities to the numerical and model setups. As emphasized in the189

introduction, this work focuses on assessing coarse-grid LES for industrial-type flow config-190

urations; therefore, the flow configuration and computational mesh are purposely selected191

for this objective.192

B. Computational Setup193

Six computational setups are considered in this study to evaluate the effects of flux194

formulation and subgrid-scale model on the simulation results. Three different types of195

Riemann solvers are selected for test, including the HLLC50, AUSM+51 and kinetic-energy-196

preserving (KEP)52 flux formulations. These solvers are commonly used in scale-resolving197

simulations and presumably introduce the amounts of numerical diffusion in a descending198

order. The AUSM+ scheme51 was developed to avoid excessive dissipation at low-Mach199

flow conditions; meanwhile, the KEP scheme52 is a non-dissipative scheme that preserves200

the integral of kinetic energy (on structured periodic meshes52). As for the SGS model,201

both the standard Smagorinsky model53 and the Vreman model54 are considered, because202

both models are extensively used in combustion modeling and behave differently in terms203

of subgrid-scale dissipation55. The Vreman model is found to be as accurate as the dynamic204

Smagorinsky model56. With the above schemes and models, a set of LES experiments are205

designed. Each case with its own specific setup is given in Table I. The CFL number in our206

LES is set to 0.7 and the corresponding time step is about 10−8 s.207
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TABLE I. LES setup for each case

Case No. Riemann solver SGS model

1 HLLC Smag.

2 HLLC Vreman

3 AUSM+ Smag.

4 AUSM+ Vreman

5 KEP Smag.

6 KEP Vreman

IV. RESULTS AND DISCUSSIONS208

In this part, the LES results of different computational setups are presented, along which209

the influences of numerical and model errors on the predicted flow characteristics are dis-210

cussed.211

A. Instantaneous flow structures212

In this part, our focus is placed on the instantaneous flow structures predicted in the213

LES results. Figure 4 provides a global view of the flow field inside the combustor. As214

shown, a fast inflow jet penetrates the plenum and impinges onto the surface wall before215

slowing down. The air stream then passes through the swirler to generate spin motion.216

A helical structure is featured near the injector region and the stable recirculation zone is217

created by the swirl. Inside the chamber, the axial velocity exhibits a V-shape profile, which218

will be analyzed in detail later. Close to the exhaust chimney, a tornado-like flow pattern is219

present because of the radial geometrical contraction. Figure 5 shows the instantaneous axial220

velocity profiles and the streamlines in the six LES cases. The internal recirculation zone221

(IRZ) induced by the swirl is a clear feature of the flow field. Moreover, it is notable that the222

fluctuating flow field is dominated by vortex breakdown due to the strong shear effect. Given223

the specific flow configuration, a shear layer arises from the large velocity gradient between224

the swirl jet and central backflow of IRZ. Along this inner shear layer, a set of large-scale225

vortical structures are present in an alternating pattern and constantly oscillating. Such a226

flow pattern is related to the so-call precessing vortex core (PVC). PVC is a helical coherent227

11

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
5
9
8
8
7



Accepted to Phys. Fluids 10.1063/5.0159887

FIG. 4. Instantaneous flow field inside the combustor geometry (vortical structure visualized by

pressure iso-surfaces and cut-plane colored by the axial velocity, normalized by the mean axial

velocity at the nozzle outlet, is around 40 m/s).

structure that wraps around the IRZ and precesses along the central axis. PVC is commonly228

found in the swirling flow configurations57–60 and also recognized in our LES results. The229

PVC structures are visualized using pressure iso-surface and exhibited in the set of plots in230

Table II. As shown, the spiral structure of PVC winds along the central axial and breaks231

down to small pieces downstream. The alternating vortices mentioned above in Figure 5232

actually result from the intersection between the PVC spirals and the cut-plane of z = 0.233

These intersecting vortices are convected downstream until the breakdown takes place. The234

vortex breakdown leads to smaller scales, represented by localized high-speed spots scattered235

downstream. It is also noted that there is another shear layer situated between the jetting236

and the outer recirculation zone (ORZ), which we call the outer shear layer. The outer shear237

layer also induces shed vortices; however, the breakdown is weaker because of the smaller238

velocity gradient. Overall, the jetting inflow demonstrates a wake-like behavior.239

We now proceed to examine the impact of numerical and model settings on transient240

flow characteristics. Reduction in numerical dissipation results in a more oscillatory flow241

field, along with a faster decay of axial velocity and a quicker expansion of the swirl jet242
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p/pref = 0.984 p/pref = 0.989 p/pref = 0.994
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TABLE II. Precessing vortex cores (PVC) are visualized by various nondimensional pressure iso-

surfaces, which are normalized by pref = 101325 Pa and colored by the axial velocity in each case.
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(a) Case 1 (b) Case 3 (c) Case 5

(d) Case 2 (e) Case 4 (f) Case 6

FIG. 5. Instantaneous flow fields of six different cases: (a) HLLC & Smag., (b) AUSM+ & Smag.,

(c) KEP & Smag., (d) HLLC & Vreman, (e) AUSM+ & Vreman, and (f) KEP & Vreman. Color

contours–streamwise velocity, normalized by the mean axial velocity at the nozzle outlet, is around

40 m/s; and white lines–streamlines.

along the radial direction. When the flux formulation is changed to the KEP scheme, the243

velocity profile is significantly flattened. For instance, Case 6 even witnesses the formation244

of Coanda jet61. Coanda jet, although may possibly appear as a hydrodynamic feature,245

seems a non-physical artifact here, which is inconsistent with the previous findings42,44. The246

changes in PVC topology also reflect the influence of numerical schemes. When the flux247

formulation switches to ASUM+ from HLLC, the LES results show thinner, more elongated248

spirals and smaller fragments, as seen in Figure II. With the KEP scheme, further reduction249

in dissipation causes earlier vortex breakdown and meanwhile the PVC is dispersed out more250

quickly, which coincides with the excessive IRZ expansion observed in Figure 5. The effect251
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(a) Case 3: AUSM+ & Smag.

(b) Case 4: AUSM+ & Vreman

FIG. 6. Instantaneous nondimensional eddy viscosity field of two cases: (a) AUSM+ & Smag., and

(b) AUSM+ & Vreman, which are normalized by µref = 1.8e−5 Pa·s.

of SGS model becomes more revealing in the instantaneous flow field as compared to that252

in the mean flow. In Figure 5, we in pair compare the results obtained with Vreman SGS253

model (Cases 2, 4 and 6), to those obtained with the classical Smagorinsky model (Cases 1,254

3 and 5). It is observed in Cases 2, 4, and 6 that the vortex breakdown takes place earlier255

(also evidenced in the PVC structures in Table II); as a result, the potential core of the256

jet becomes shorter and the decay of axial momentum is more evident. Those behaviors257

are likely attributed to the lower magnitude of eddy viscosity given by the Vreman model.258

Figure 6 provides the distributions of eddy viscosity in Cases 3 and 4. In comparison, the259

eddy viscosity from the Vreman model is much more localized around the swirling jet and260

has a smaller value than the Smagorinsky model. Similar findings were reported in the261

literature. Pinho & Muniz62 performed a set of LES cases of turbulent jet flows with the262

classical Smagorinsky SGS model to investigate the effects of the model coefficient on the263

LES solutions. It was found that the decrease of the model coefficient (equivalently, reducing264

the eddy viscosity) results in an earlier jet breakdown and a shorter potential core. Their265
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study has well corroborated our finding here.266

B. Mean flow-field characteristics267

(a) Case 1: HLLC & Smag. (b) Case 3: AUSM+ & Smag. (c) Case 5: KEP & Smag.

(d) Case 2: HLLC & Vreman (e) Case 4: AUSM+ & Vreman (f) Case 6: KEP & Vreman

FIG. 7. Non-dimensional time-averaged streamwise velocity fields and streamline plots in the LES

predictions with different solver settings: (a) HLLC & Smag., (b) AUSM+ & Smag., (c) KEP &

Smag., (d) HLLC & Vreman, (e) AUSM+ & Vreman, and (f) KEP & Vreman. The time-averaged

streamwise velocity fields are normalized by the mean axial velocity (ū = 40 m/s) at the nozzle

outlet. Separation points are marked by ◦.

Figure 7 shows the time-averaged streamwise velocity profiles, along with the streamlines268

on the z = 0 plane. The flow pattern generally assembles that illustrated in Figure 5 for269

each case. As shown in the velocity fields, two inflow streams after passing the swirler270

quickly merge into a single stream at the nozzle exit, and inside the chamber the V-shape271

velocity profile is clearly visualized. From the streamline patterns, it is observed that the272
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IRZ is generated along the center axis due to the swirl-induced lower pressure; on the other273

hand, the ORZ are present as the air from the corner is entrained into the inflow jet. These274

flow features agree well with the findings from the experimental measurements42 and the275

previous numerical investigations44,45. At the chamber exit fluid flow exhibit acceleration276

due to converging geometry and an elongated fast-stream region become notable. In this277

region, the fluid flow exhibit tornado-like rotating pattern along the azimuthal direction63,64.278

The LES predictions in different cases are compared. The numerical flux shows consid-279

erable influence on the flow field. In particular, when KEP flux formulation is utilized, the280

velocity profile and streamline become rather different from those of the other cases. The281

diverging angle of the V-shape velocity profile is drastically enlarged. As a result, the IRZ,282

in this case, is expanded and the size of ORZ becomes much smaller. It is also noted that the283

separation no longer happens inside the nozzle part and the separation point of the inflow284

stream moves further downstream into the chamber. In contrast to the KEP scheme, the285

separation points in the other cases with HLLC and AUSM+ schemes are located on the286

wall of the exit diffuser of the nozzle, which is in fact a consistent feature with the previ-287

ous simulation results44. The impact on the velocity prediction will be quantified later in288

Sec. IV C, but here the qualitative changes due to the choice of numerical flux have already289

become evident. Apart from the numerical factor, the SGS model seems to have limited290

effects on the time-averaged flow field, even though the profiles of eddy viscosity resulting291

from the different SGS models considered are quite different (see Figure 6).292

C. Comparison to experimental data293

To perform a quantitative assessment on the accuracy of LES predictions, we compare294

the predicted statistical quantities with the experimental data. Figure 8 shows the profiles295

of time-averaged axial (uy), radial (ux) and tangential (uz) velocity components with the296

LDA measurements44 at several axial positions. The axial velocity shows a two-peak struc-297

ture; the two peaks are gradually smoothened out as the momentum mixing proceeds. The298

IRZ corresponds to the negative axial velocity at the center. Meanwhile, the ORZ may be299

recognized from the radial velocity profile, where the inward motion of the fluid is evident300

in the outer range of the x-axis. As for the tangential velocity profile, it is interesting to301

see that two spikes are present near the injector exit and situated at the inner and outer302
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shear layers, respectively45. The two spikes merge into a single peak downstream. Near303

the exhaust chimney, the rotation remains persistent as seen from the tangential velocity304

because of the tornado-like vortical structure44,64. Meanwhile, a central peak is exhibited in305

the axial velocity due to the geometrical contraction. We now examine the LES predictions306

with different numerical and model settings. In Cases 1-4 where HLLC or AUSM+ flux307

is employed, the predicted initial peak locations of axial velocity slightly deviate from the308

experimental data. In addition, the peak magnitudes of radial and tangential velocity com-309

ponents are over-predicted in Cases 1-4. Except for these errors, the velocity predictions are310

in good agreement with the experimental data. This fact that variants of LES setups lead311

to similar results confirms the robustness of LES for applications to complex internal flows.312

However, when KEP flux scheme is used in Cases 5 and 6, considerable errors are present in313

the velocity predictions, and the flow field experiences excessive radial expansion as shown314

in Figure 7. The finding that LES accuracy worsens with reduced numerical dissipation315

contradicts the common notion that a lower dissipation scheme is preferred for LES. This316

is attributed to the flow configuration considered in this work, which apparently poses nu-317

anced requirements on the flux formulation. Previous numerical assessments only considered318

simple flow configurations, such as homogeneous turbulence or channel flow, which does not319

involve the strong swirling and the sophisticated vortex breakdown as discussed previously320

in Sec. IV B and IV A. The effect of SGS model seems only manifested in the predictions321

of radial velocity. The Vreman model tends to cause faster decay of radial velocity (e.g., at322

h = 20 and 90 mm), resulting in relatively larger errors. Note that at the sidewall location323

x = −40 mm a few experiment data of ux are exceptionally large. Up to now none of the324

existing LES/DES cases44,45,49,65 is able to mitigate the discrepancy at this specific location.325

In general, the velocity profile should conform to the no-slip condition at the wall. Unrea-326

sonably large velocity should not be present there. This specific discrepancy is likely related327

to the experiment factors, which may result from the lack of sampling particles for velocity328

measurement near the wall.329

Figure 9 shows the root-mean-square (RMS) values of axial, radial and tangential veloc-330

ity components predicted in different LES cases. It is evident that near the injector exit,331

the velocity fluctuation levels exhibit two types of peaks which correspond to the inner and332

outer shear layers, respectively. Along the inner layer (associated with the IRZ), the axial333

fluctuations tend to be dominant, while the outer layers reveal stronger fluctuations along334
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FIG. 8. Time-averaged axial (left), radial (middle) and tangential (right) velocity profiles at h = 2.5

mm, h = 5 mm, h = 10 mm, h = 20 mm and h = 90 mm from top to bottom rows; HLLC

& Smag.; AUSM+ & Smag; KEP & Smag; HLLC & Vreman; AUSM+ & Vreman;

KEP & Vreman; • LDA measurement44.
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FIG. 9. RMS axial (left), radial (middle) and tangential (right) velocity profiles at h = 2.5 mm,

h = 5 mm, h = 10 mm, h = 20 mm and h = 90 mm from top to bottom rows; HLLC & Smag.;

AUSM+ & Smag; KEP & Smag; HLLC & Vreman; AUSM+ & Vreman; KEP &

Vreman; • LDA measurement44.
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the radial direction. Additionally, each fluctuation component shows a local minima in the335

central region where the level of turbulence is much lower. Above the height of h = 20336

mm, the multiple-peak structure has vanished due to the intense turbulence mixing. We337

proceed to discuss the error characteristics associated with different numerical and model338

setups. It is noted that the valleys at the center are not well reproduced in Cases 1-4 and the339

fluctuation levels inside the IRZ are over-predicted. Previous studies with the consideration340

of refined LES 49,66 suggested that the over-prediction as such likely results from the insuf-341

ficiency of small-scale dissipation. Such a prediction deficiency was also recognized in LES342

of rotating flows67,68, where the eddy viscosity given by the common SGS model exhibits343

a similar issue. Park et al.69 conjectured that this issue may be due to the linear stress-344

strain relationship of the considered SGS models. In the future, we would like to consider345

more sophisticated SGS model formulations and examine their feasibilities in the LES of the346

present flow configuration. Besides the above model issue, the numerical scheme also has a347

notable impact on the predication accuracy. The cases with the HLLC flux scheme show an348

excessive damping of fluctuation levels along the outer shear layer at the locations of h = 10349

and 20 mm. The LES results with the KEP scheme have already contained relatively larger350

errors in the mean flow and hence these errors are carried forward into the RMS predictions.351

Despite the error propagation mechanism, the KEP scheme is able to accurately capture352

the central valleys in the RMS curves. Finally, the LES with the AUSM+ schemes provides353

better accuracy overall in RMS predictions.354

D. Error landscape355

The error-landscape methodology was first introduced by Meyers et al.70 and used more356

broadly in assessing LES quality71–73. The objective is to determine the optimal refinement357

strategy or the optimal model parameters for a given mesh. The analysis is based on a358

systematical variation of LES setup parameters (typically SGS model constants and grid359

resolution) to establish the error behavior as a function of controlling parameters. However,360

the original error-landscape analysis requires a large number of LES runs, which becomes361

computationally infeasible for the complex flow configuration considered in this work. There-362

fore, here we only consider the variants of the numerical scheme and subgrid-scale model as363

the controlling parameters.364

21

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
5
9
8
8
7



Accepted to Phys. Fluids 10.1063/5.0159887

(a) axial velocity uy (b) radial velocity ux

(c) tangential velocity uz

FIG. 10. Error norms of the time-averaged velocities predicted in LES cases with various setups

are presented: (a) axial velocity uy, (b) radial velocity ux, and (c) tangential velocity uz(in each

block the values in the sub-block correspond to four measurement heights, respectively).

Figure 10 shows the error norms of time-averaged velocities for different LES setups. The365

error norm is defined as (
󰁓

N |ules − uexp|)/N , in which N denotes the number of sampling366

points. Apparently, the error magnitudes depend on both the choice of velocity component367

and the measurement height for each case. As for the axial and radial velocity components,368

the error magnitude is smaller with the setups of the HLLC scheme, especially toward369

the downstream location; however, the HLLC scheme leads to considerable errors for the370

tangential velocity. In contrast, the KEP scheme provides improved predictions of tangential371

velocity but results in much larger errors for both the axial and radial velocities. The error372

given by the AUSM+ scheme is modest but tends to be enlarged at downstream positions.373

The error maps of RMS velocities for different LES setups are provided in Figure 11. Near374
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the injector exit, all LES setups provide similar error levels for all velocity components.375

The performance differences among various LES setups become recognizable at downstream376

locations. The setups of the HLLC scheme no longer hold superior performance. Generally377

speaking, the AUSM+ scheme has smaller errors in the predictions of RMS velocities. The378

effect of the SGS model is not obvious, although the Smagorinsky model provides slightly379

better accuracy for the axial and radial RMS velocities.380

(a) axial velocity uy (b) radial velocity ux

(c) tangential velocity uz

FIG. 11. Error norms of the RMS predicted in LES cases with various setups are presented: (a)

axial velocity uy, (b) radial velocity ux, and (c) tangential velocity uz (in each block the values in

the sub-block correspond to four measurement heights, respectively).
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V. SUMMARY381

The robustness and predictive capability of LES are evaluated in simulations of a complex382

internal flow configuration in a realistic jet-engine combustor. A number of LES cases are383

carried out with the consideration of three numerical flux formulations and two commonly384

used subgrid-scale models. A relatively coarser computational mesh is employed so that385

the LES results are sensitive to the variants of numerical/model setups and LES errors are386

thereby manifested. After characterizing and analyzing the LES errors, we obtain several387

important findings:388

• LES is proven to be an effective CFD technique for simulations of complex internal389

flows (such as the one considered in this study). The predictive capability of LES390

remains rather robust with a variety of commonly used numerical schemes and subgrid-391

scale models.392

• Compared to the subgrid-scale model, the numerical scheme plays a more prominent393

role in governing the statistical behaviors of the flow field in LES. It is found in the394

present study that the properties of the numerical schemes are more relevant to the395

robustness and accuracy of LES. The effects of the subgrid-scale model are primarily396

recognized in unsteady flow features, such as vortex breakdown and precessing vortex397

core.398

• For the internal flows considered in this work, blindly pursuing low numerical dissipa-399

tion could jeopardize the robustness of LES, leading to an inconsistent flow pattern.400

This is an important lesson learned here, as the finding contradicts the generally ac-401

cepted notion that a lower dissipative scheme is preferable in LES. It is therefore402

suggested that caution should be taken when we draw conclusions for the numerical403

tests that only involve simple flow configurations.404

• The anticipated “best” LES setting with the optimal accuracy is not achieved among405

the considered setups. Error landscape analysis shows that each setup has its strengths406

and weaknesses, depending on the examined quantity and sampling location. The407

specific flow configuration favors the Smagorinsky model over the Vreman model, while408

the dissipative scheme such as HLLC or AUSM+ has superior performance over the409

kinetic-energy-preserving scheme.410

24

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
5
9
8
8
7



Accepted to Phys. Fluids 10.1063/5.0159887

ACKNOWLEDGMENTS411

This work is supported by the NSFC Basic Science Center Program for “Multiscale Prob-412

lems in Nonlinear Mechanics” (No. 11988102). YL acknowledges the startup support from413

the Chinese Academy of Sciences (CAS) and the financial support from the Bureau of Inter-414

national Cooperation CAS (No. 025GJHZ2022112FN). KW was supported by the National415

Natural Science Foundation of China (52076008) and the Zhejiang Provincial Natural Sci-416

ence Foundation (LGJ21E060001).417

Appendix A: Further assessment of LES quality418

To further examine the LES accuracy and robustness, we also evaluate the Pope’s crite-419

rion74 for the six LES cases. The metric is defined as the ratio of resolved kinetic energy k to420

total turbulent kinetic energy (k + ksgs). The modeled kinetic energy ksgs can be estimated421

using the local eddy viscosity µt and cell size. The fields of the metric for the different cases422

are shown in Figure 12. For Cases 1-4, the metric values are above 80% inside the combus-423

tor chamber, meaning that the resolution of the flow field there is sufficient. However, it424

is undesirable to see that the metric values in the swirler region are much lower, therefore425

indicating RANS-like predictions, especially in the flow passage of the swirler. The profiles426

of metric values are similar to those obtained in a previous study45. The overall quality427

of LES remains inadequate due to the coarse mesh considered in this study. The inade-428

quacy of resolution is corroborated by the metric values in Cases 5 and 6. Even though the429

low-dissipation scheme (KEP) is employed, the metric values in fact become smaller. This430

peculiar finding implies that the smaller turbulent scales liberated by lower dissipation can-431

not be resolved any more at the present mesh resolution. To examine whether this analysis432

is plausible, we further evaluated the ratio of subgrid-scale eddy viscosity (µsgs) to molecular433

viscosity (µ)75, and the results are given in Figure 13. As shown, this ratio is indeed much434

larger in the region of interest in Cases 5 and 6, which confirms the above arguments. In435

summary, it is learned that i) the poor predictions of Cases 5 and 6 are in fact because the436

smaller scale induced by low dissipation scheme cannot be resolved by the given mesh reso-437

lution; and ii) the Pope’s criterion remains useful for coarse-grid LES to identify the poorer438

predictions. Caution should be taken when the Pope’s criterion is utilized for assessment as439
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it is a genuinely local indicator. Hence, the larger values of the metric in Cases 1-4 can only440

indicate good local resolution.441

(a) Case 1: HLLC & Smag. (b) Case 2: HLLC & Vreman

(c) Case 3: AUSM+ & Smag. (d) Case 4: AUSM+ & Vreman

(e) Case 5: KEP & Smag. (f) Case 6: KEP & Vreman

FIG. 12. The ratio of resolved kinetic energy (k) to total turbulent kinetic energy (k + ksgs),

estimated for the six cases: (a) HLLC & Smag., (b) HLLC & Vreman, (c) AUSM+ & Smag., (d)

AUSM+ & Vreman, (e) KEP & Smag., and (f) KEP & Vreman.
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a. The ratio of subgrid-scale eddy viscosity to molecular viscosity442

(a) Case 1: HLLC & Smag. (b) Case 2: HLLC & Vreman

(c) Case 3: AUSM+ & Smag. (d) Case 4: AUSM+ & Vreman

(e) Case 5: KEP & Smag. (f) Case 6: KEP & Vreman

FIG. 13. The ratio of subgrid-scale eddy viscosity (µsgs) to molecular viscosity (µ), evaluated for

the six cases: (a) HLLC & Smag., (b) HLLC & Vreman, (c) AUSM+ & Smag., (d) AUSM+ &

Vreman, (e) KEP & Smag., and (f) KEP & Vreman.

Appendix B: Near wall mesh resolution443

In this appendix, we provide the near-wall resolution for reference. With the wall stress444

obtained from the employed wall model, the height of the first off-wall grid in the wall unit445

is evaluated and shown in Fig. 14. As we can see, for most of the wall regions the y+ values446

of the first off-wall grid point are below 10, and therefore the equilibrium wall model reduces447
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to the linear law of the wall in most situations. However, it is worth mentioning that the448

y+ estimates only reveal the wall-normal resolution. The resolutions along the other two449

dimensions are about y+ ∼ O(100), and hence the LES cases herein remain under-resolved.450

Although the wall model could play a notable role in the LES, the region of interest in451

the present study is far from the wall. Moreover, given that the velocity statistics at the452

chamber inlet have already reached considerable accuracy (see the first rows of Figures 8453

and 9), we, therefore, did not place the focus on the wall in this study. The effect of the454

wall model is left for future investigation.455

FIG. 14. y+ the first off-wall grid points as a function of axial location y (the result here is

generated with the sidewall data of Case 1; the other cases produce similar results.
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